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Wave turbulence theory for gravitational waves in general relativity: The Space-Time Kolmogorov
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The recent observation of gravitational waves, stimulates the question of the longtime evolution of the space-
time fluctuations. Gravitational waves interact themselves through the nonlinear character of Einstein’s equa-
tions of general relativity. This nonlinear wave interaction allows the spectral energy transfer from mode to
mode. According to the wave turbulence theory, the weakly nonlinear interaction of gravitational waves leads to
the existence of an irreversible kinetic regime that dominates the longtime evolution. The resulting kinetic equa-
tion suggests the existence of an equilibrium wave spectrum and the existence of a non-equilibrium Kolmogorov-
Zakharov spectrum for spatio-temporal fluctuations. Evidence of these solutions extracted in the fluctuating
signal of the recent observations will be discussed in the paper. Probably, the present results would be pertinent
in the new age of development of gravitational astronomy, as well as, in new tests of General Relativity.
PACS numbers: 04.30.-w, 04.30.Nk, 05.45.-a
i) Introduction- Recent evidence of the existence of gravi-
tational waves [1, 2], predicted by Einstein’s theory of gravi-
tation, motivates the question of the longtime evolution of the
space-time fluctuations. The physics we have in mind con-
cerns the temporal evolution of the space-time metric of an
ensemble of suitable stochastic initial conditions in vacuum.
As a consequence of Einstein’s equations of general relativ-
ity, spatio-temporal fluctuations propagate and interact them-
selves as time goes. In this way the spatiotemporal ripples
travel and interact themselves allowing the spectral redistribu-
tion of the gravitational wave energy produced by the space-
time from one scale to another building-up a coherent spectral
energy distribution.
Since the last 50 years, it was established that the long time
statistical properties of a random fluctuating wavy system pos-
sess a natural asymptotic closure because of the weakly non-
linear wave interactions [3, 4]. Indeed this so-called “wave
turbulence theory” has shown to be a powerful method to
study the evolution of nonlinear wave systems. It results that
the longtime dynamics is driven by a kinetic equation for the
distribution of spectral densities. This method has been suc-
cessfully applied for surface gravity waves in fluids [3, 5], sur-
face capillary waves in fluids [6], plasma waves [7], sound
waves [8], nonlinear optics [9, 10], nonlinear elastic plates
[11], among others.
The wave turbulence kinetic equation has similar non-
equilibrium properties than the usual Boltzmann equation for
dilute gases, thus it conserves energy, momentum, and ex-
hibits a H-theorem driving the system to equilibrium, char-
acterized by the Rayleigh-Jeans distribution [12]. More im-
portant, besides the elementary equilibrium (or thermody-
namic) solution, Zakharov has shown [7] that power law non-
equilibrium solutions also arise, namely the Kolmogorov–
Zakharov (KZ) solutions or KZ spectra, which describe the
exchange of conserved quantities (e.g. energy) between large
and small length scales.
The present paper considers a stochastic initial value prob-
lem for the space-time metric mandated by Einstein’s equa-
tions of general relativity. The perturbations of the Minkowski
metric, hµν , are waves that travel randomly through the uni-
verse interacting resonantly among them via the weak nonlin-
earities inherent to the gravitation theory. The current nonlin-
ear interactions of the Einstein’s equations of general relativ-
ity are quadratic up to the first non trivial order. Hence, the
wave interaction includes a three wave process. The math-
ematics beyond the resonant condition is formally identical
to the conservation of energy and momentum in a gas of
phonons. In this sense gravitational waves are formally equiv-
alent, in the classical limit, to a gas of interacting phonons
with a non-trivial scattering cross-section as in the well-
known Landau-Rumer theory [13]. Indeed, an isolated sys-
tem evolves from a random initial condition to a situation of
statistical equilibrium like a gas of phonon does. We under-
line that the actual observed regime of gravitational waves is
purely classical.
In addition to statistical equilibrium for isolated systems,
the wave turbulence theory predicts here an energy cascade
from a large scale energy source to a small scale typically be-
yond the applicability of the theory. The evidence of a second
black hole merger [2] suggests a peculiar source for gravi-
tational wave energy. The current occurrence of black hole
mergers inject gravitational wave energy to space-time mim-
icking a sea of random waves, this “stochastic background”
has been studied recently in Ref. [14], and we shall come
back to this point at the end.
ii) Basic Equations.- The Einstein equations in vacuum
reads,Rµν = 0.As it is very well know these are 10 equations
for the metric tensor which also represents 10 unknowns, how-
ever, the Einstein’s equations are gauge invariant. In the fol-
lowing we shall use the so called harmonic gauge gµνΓλµν = 0
[15]. We shall assume that the metric is a formal series expan-
sion in a small parameter ǫ which characterizes the amplitude
of the wave, (hence, it is small): gµν = ηµν+ǫhµν+ . . . , here
ηµν is the Minkowski metric with the signature (−1, 1, 1, 1)
2[15]. Next, we expand all pertinent quantities, namely, the
Christoffel symbol, the Riemann tensor, and, the Ricci tensor
in powers of ǫ, as a functions of hµν and its derivatives. The
resulting Ricci tensor readsRµν = ǫR(1)µν+ǫ2R(2)µν+. . . .
Similarly, the gauge condition up to first order constrains hµν ,
by ∂µhµν = 12∂νh. Under this gauge the first order of the
Ricci’s tensor reads R(1)µν = 1/2∂λλhµν . Because, gen-
eral relativity does not introduce any intrinsic length scale
the second order of the Ricci’s tensor has only second order
derivative in space-time coordinates and scales as R(2)µν ∼
∂µh
λρ∂νhλρ (the full expression of the R(2)µν may be found
in Sec. 7.6 of [15]).
These quantities together with the Einstein’s equations,
R(1)µν+ǫR
(2)
µν = 0, leads the weakly nonlinear wave equa-
tion for the perturbed metric:
∂λλhµν = −2ǫR(2)µν + . . . . (1)
The limit ǫ → 0 provides up to first order the linear wave
equation for the perturbed metric hµν , which may be written
in general by a plane wave normal mode expansion [15]
hµν =
∑
s,σ
∫
1√
2ωk
As
k,σ(t)e
(s)
µν (k, σ)e
ik·xd3k. (2)
Here Asσ correspond to the Fourier amplitudes of the per-
turbed metric, it has units of (length3/
√
time). More-
over, e
(s)
µν (k, σ) is the polarization normalized tensor
(e(s)µν(k, σ)e(−s)µν (k, σ) = 1). On the other hand, k and
k =
√
|k2| denote the 3-D wave vector and its modulus, and,
ωk = ck is the dispersion relation (c the speed of light). The
index σ labels the two polarization states × and +, and the
index s = ±1 de number of degrees of freedom of each wave
corresponding to the two traveling wave solutions. Indeed,
the first order,R(1)µν = 0 provides a second order differential
equation (o.d.e) for the amplitudes: A¨s
k,σ(t)+ω
2
kA
s
k,σ(t) = 0,
leading to the two independent solutions: As
k,σ(t) ∼ e±iωkt.
Because the original fields are real, the amplitudes satisfy
A+
k,σ = Ak,σ and A
−
k,σ = A
∗
−k,σ , where the ∗ stands for
complex conjugated variable.
Up to the next order, the nonlinear wave equation (1) pro-
vides a set of nonlinear o.d.e’s :
A˙s
k,σ = isωkA
s
k,σ
−isǫ 2c
2
(2π)3
e(−s)
µν
(k, σ)√
2ωk
∫
R(2)µν e
−ik·xd3x.
(3)
The perturbed metric (2) has to be substituted in R(2)µν at the
r.h.s. of (3).
This nonlinear set of o.d.e’s (3) possesses two distinct time
scales: a fast oscillation isωkAsσ and the weak quadratic non-
linear oscillation frequency. The fast oscillation maybe re-
moved after a change of variables As
k,σ(t) = a
s
k,σ(t)e
isωkt.
Here the explicit time dependence on as
k,σ(t) is a slow time
variable. It is important to notice that this change of vari-
ables makes the original fields (2) to be covariant in the fast
variable after replacingAs
k,σ(t)e
ik·x in (2) by as
k,σ(t)e
ik
(s)
λ
xλ
,
here the quadri-vector k(s) reads k(s) = (−sωk,k). Using
this notation, one computes the r.h.s. term of (3) that includes
e(−s)
µν
√
2ωk
R
(2)
µν . After a long, but direct, calculation one gets the
pertinent result for the nonlinear terms of the r.h.s. of (3).
As a sake of simplicity, for the following we shall present
only one polarization state, say we take a+ = 0 and a× 6=
0. In this simplified case the equations for the amplitude,
as
k,×(t), reads:
a˙s
k,×(t) = ǫ
∑
s1,s2
1
(2π)3
∫
Lss1s2
kk1k2
as1
k1,×(t) a
s2
k2,×(t)
×ei(s1ωk1+s2ωk2−sωk)tδ(3)(k1 + k2 − k) d3k1d3k2,
(4)
with the wave interaction amplitude
Lss1s2
kk1k2
= −is c
2
(8ωkω1ω2)1/2
( ∑
r=s,s1,s2
k(r)µk
(r)
ν
)
×Ps12
[
1
4
e(s)
µν
e(1)
λρ
e(2)λρ − e(s)λρe(1)λνe(2)µρ
]
.
(5)
Here, Ps12 stands for the cyclic permutations of s, 1 and 2.
In (5) we used the short hand notation ωi = ωki , e(i)µν =
e(si)µν(ki, σi) and k(si)ν = (−siωki ,ki). Moreover, the
tensor Lss1s2
kk1k2
maybe arranged in a fully symmetric struc-
ture [16]. Notice that the interaction coefficients scales as
Lss1s2
kk1k2
∼ √ωk ∼
√
ck. We underline, that the detailed com-
plex structure of the interaction coefficients Lss1s2
kk1k2
does not
have any consequence in the results of this letter. The ex-
plicit computation is not required in many general results of
the wave turbulence theory. Equations (4) and (5) are the start-
ing point of our approach.
Wave turbulence theory.- The wave turbulence theory pro-
vides an infinite hierarchy equations for the second order cu-
mulant of the Fourier amplitudes〈
ak1,×(t) a
∗
k2,×(t)
〉
= nk1(t)δ
(3)(k1 − k2)
in terms of third order cumulants,
〈
as1
k1,×a
s2
k2,×a
s3
k3,×
〉
. The
dynamics of the third order cumulant depends on the fourth
order cumulant, etc [4, 16–18]. It is shown that because of
the non trivial resonant condition, in the limit ǫ → 0 there
exists an asymptotic closure that ensures that the third, fourth,
and higher order cumulants depend explicitly of the second
order cumulant. Hence the long time statistical properties of a
random fluctuating wavy system possess a natural asymptotic
closure because of the weakly nonlinear wave interaction.
The final kinetic equation for the wave spectrum of the ×
polarization reads (here we use preferentially the methodol-
ogy of Ref. [16])
3d
dt
nk = ǫ
2Coll[n] = ǫ
2
2(2π)2
∑
s1 s2
∫
d3k1d
3
k2 |L+s1s2kk1k2 |2
× nknk1nk2
[
1
nk
− s1
nk1
− s2
nk2
]
× δ(ωk − s1ωk1 − s2ωk2)δ(3)(k − k1 − k2). (6)
Here the sum
∑
s1 s2
produces formally four terms, but one of
these terms (s1 = s2 = −1) is not resonant, thus it does not
contribute to the kinetics. Other cases includes explicitly all
possible 3-wave processes, that is a decaying process of two
waves into one 2→ 1, that and the gain process 1→ 2.
As for the usual Boltzmann equation, the kinetic equation
(6) conserves the total the energy density (per unit volume)
EGW = c
2
16πG
∫
ωknkd
3
k, (7)
and the momentum density SGW = c
2
16piG
∫
knk d
3
k. Here
G is the gravitational constant [19].
Kinetic equation (6) exhibits a H-theorem: let be S(t) =∫
log[nk] d
3
k the non-equilibrium entropy, then dS/dt ≥ 0,
for increasing time. The kinetic equation (6) describes thus an
irreversible evolution of the wave-spectrum towards equilib-
rium, this is the Rayleigh-Jeans distribution or spectrum [12]
which reads (for the zero momentum density situation)
nRJ
k
=
T
ωk
, (8)
where T is called, by analogy with thermodynamics, the tem-
perature (with units of length3/time2) which is naturally re-
lated to the initial energy by EGW = c216piG
∫
ωkn
RJ
k d
2
k =
c2
16piGT
∫
d3k. The quantity
∫
d3k is the number of degrees
of freedom per unit volume. Therefore each degree of free-
dom takes the same energy Tc2/16πG. Naturally, for an in-
finite system this energy diverges. This classical Rayleigh-
Jeans catastrophe is always suppressed due to some physical
cut-off something not included in Einstein’s theory.
Kolmogorov Spectrum.- In addition of the Rayleigh-Jeans
distributions, non-equilibrium solutions can also arise. They
have a major importance in the non equilibrium process for the
energy transfer among scales. Those solutions can be guessed
via a dimensional analysis argument but, as it was shown by
Zakharov [7, 17], they are exact solutions of the kinetic equa-
tion.
After Eqn. (7), the spectral density energy per wave num-
ber (with units of mass/time2) readsEk = c24Gωkk2nk, so that
EGW =
∫
Ek dk, then one defines the energy flux P (k) such
a that ddtEk = − ddkP (k). The energy flux P (k) is directly
computed after an integration of the r.h.s. collisional term of
equation (6) and it has units of mass/(length time3). Assum-
ing a constant energy flux by pure dimensional analysis it is
expected that the energy cascade becomes:
Ek = K
(
Pc3
G
)1/2
1
k1/2
, (9)
here K is a number that will be computed exactly.
This spectrum predicts the existence of a Kolmogorov tur-
bulent energy cascade of gravitational waves emitted ran-
domly by various sources over the space-time. Moreover, as
already said, the this power spectrum is an exact solution that
vanishes exactly the r.h.s. collisional term of eqn. (6).
For the special case of an isotropic power law solution of
the form nk = Ak−α one gets that the collisional term of
(6) reads Coll[nk] = A2k3−2αI(α), where I(α) is a function
of the exponent α, and depends explicitly on the form of the
interaction coefficients |Lss1s2
kk1k2
|2.
Moreover, following the Zakharov method, reproduced in
[17, 18], one may treat separately the collisional integral (6)
the three different wave interactions processes 1 → 2 and
2 → 1. For the process 2 → 1, one realizes the conformal
transformation: k1 = k2/k˜1 k2 = k˜2k/k˜1 after re-arranging
the terms one recovers an integrand that is proportional to the
1→ 2 process. One gets at the end:
I(α) =
∫ ∞
0
∫ ∞
0
S1,κ1,κ2
κα1κ
α
2
(1− κα1 − κα2 )
×
(
1− κβ1 − κβ2
)
δ(1− κ1 − κ2) dκ1 dκ2,
where β = 2α− 6 and Skk1k2 = k1k28pick |Lss1s2kk∗1k∗2 |
2, results after
the integration of |Lss1s2
kk1k2
|2δ(3)(k − k1 − k2) over the solid
angles of k1 and k2. The wave vectors k∗1 and k∗2 are evalu-
ated at the angles allowed by the δ-function condition. Skk1k2
does not depend on the signs si and it could be symmetrized
in k, k1, k2. Finally, because L ∼
√
ck, the degree of homo-
geneity of of the final scattering matrix is Skk1k2 ∼ k2.
As expected, I(α) vanishes for α = 1 (the Rayleigh-Jeans
distribution) and for β = 1, that is α = 7/2, which corre-
sponds to the KZ stationary solution. In general, the energy
flux depends explicitly on the function I(α):
P = − c
3
4G
A2
I(α)
7− 2αk
7−2α.
Because we are looking for stationary solution for the spec-
tral distribution, the flux must be wave number independent,
which happens just for α = 7/2. Moreover the constant A
is completely fixed by the flux (here I ′(7/2) = I ′(α)|α=7/2)
A =
(
8GP
c3I′(7/2)
)1/2
, in agreement with previous eqn. (9) by
setting there K = 1/
√
2I ′(7/2). Finally, we underline that
I(1) = I(7/2) = 0 and one can prove that I ′′(α) ≥ 0, so
that in general, I ′(7/2) > 0. Notice that all these relations
hold for any |Lss1s2
kk1k2
|2, the explicit interaction only modifies
the specific numerical value of I ′(7/2).
Discussion.- Wave turbulence theory appears to success-
fully describe the dynamics of random gravitational waves.
The present paper derives a kinetic equation for the irre-
versible spectral transfer among waves. The resulting kinetic
equation is able to determine precisely the evolution of the
spectral wave distribution in time. In particular, a single black
4hole coalescence event creates a disturbance that propagates
preserving the total the gravitational energy released. Never-
theless, the energy is redistributed among modes driven the
system to an equilibrium. Mandated by the H-theorem, the
Rayleigh-Jeans distribution (8) appears to be the equilibrium
attractor for the wave spectrum. So that the original metric (2)
power spectrum scales as:
〈
|hˆµν |2
〉
RJ
∼ 1ωknRJk ∼ k−2 ∼
f−2, where f is the frequency of wave (because the system
is non-dispersive k ∼ f ). This metric is directly related to
the measured strain, indeed taking the Fourier transform of
the signals released [20] from Fig. 1 of Ref. [1], one readily
notices that the power spectrum behaves as f−2.
Besides the Rayleigh-Jeans equipartition the system man-
ifests the existence of an energy cascade. Presumably this
energy cascade appears as a consequence of the coalescence
of black-holes that are random sources of gravitational waves
energy. This process builds a cascade that transfer the en-
ergy from one scale (mode) to another. In the case of an en-
ergy cascade the power spectrum scales as:
〈
|hˆµν |2
〉
KZ
∼
1
ωk
nKZk ∼ k−9/2 ∼ f−9/2. This behavior is not observed
in Ref. [1]. However, as a consequence of the first ob-
served black-hole merger, Ref. [14] suggests an scenario of an
stochastic background. The wave turbulence theory predicts
that spectral dimensionless energy density ΩGW behaves as
k1/2, which differs slightly, at least over the pertinent decade,
from k2/3 the inferred one in Ref. [14].
The same calculations for both polarizations + and × can
be done similarly, all scaling properties are unchanged. It is
possible to derive a coupled set of kinetic equations as (6)
involving the spectral densities of n×
k
and n+
k
, including, in
particular, the interactions among the mixed states of polariza-
tion. The specific calculations would be presented elsewhere.
Notice that usually the resonant condition obtained in the
kinetic equation (6) requires a subtle treatment. The condition
inside the δ(ωk−ωk1−ωk2) leads to a finite contribution only
if all involved wave vectors are co-linear. A careful treatment
can be found in Refs. [21, 22]. The final kinetic equation
contains only one wave number integration instead of two,
because of its simplicity it allows us to study the kinetics, the
relaxation to a Rayleigh-Jeans equilibrium and the set-up of
a KZ spectrum. This subject would be considered in separate
publication.
We end the present paper commenting on a broader aspects
of the present work. The wave turbulence theory provides
an alternative picture to the so called Cauchy problem [15]
in vacuum. Wave turbulence theory provides a systematic
methodology to characterize the long time evolution of some
suitable initial value problem (notice that this must be stochas-
tic and one should beware of the initial constrains [15]). The
kinetic equation (6) mandates in general an irreversible dy-
namics for the spectral wave amplitudes. On the other hand
it is well known that Einstein’s equation, under some condi-
tions, may produce finite-time singularities [23, 24]. Though
apparently a paradox, there is no contradiction about these
two approaches, wave turbulence may coexist with singular
events which would be responsible of intermittency correc-
tions, leading to corrections to the final spectra. By analogy
with nonlinear optics in a focusing media (which is known to
produces finite-time singularities) [9, 16], it is expected that
in gravitational waves an energy cascade is built because of
the resonant wave interaction, however the wave dynamics is
accompanied by frequent spontaneous singular events. These
finite-time singularities occur very fast and at a very small
scale (k → ∞), thus these singularity structures are a source
of energy at the large wavenumber scale. Next, how is the
energy transferred to the small wave numbers? How does it
occur without any formal inverse cascade? How does this
phenomenology modify the Kolmogorov spectrum? Can this
fully nonlinear process give information about the gravitation
in extreme situations? The new era of gravitational astronomy
could be a window for these questions.
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